We study a general quantum system interacting with environment modeled by the bosonic heat bath of Caldeira and Leggett type. General interaction Hamiltonians are considered that commute with the system's Hamiltonian so that there is no energy exchange between the system and bath. We argue that this model provides an appropriate description of adiabatic quantum decoherence, i.e., loss of entanglement on time scales short compared to those of thermal relaxation processes associated with energy exchange with the bath. The interaction Hamiltonian is then proportional to a conserved "pointer observable" as defined by Zurek.
Introduction
Quantum decoherence, dissipation, and thermalization due to interactions with environment have long been important fundamental issues theoretically and experimentally. (1−8) Decoherence and related topics have attracted much interest recently due to rapid development of new fields such as quantum computing and quantum information theory. (9−15) Decoherence due to external interactions is a major obstacle in the way of implementation of devices such as quantum computers. Thus in addition to studies of the physics of decoherence processes there emerged a new field of quantum error correction (16−22) aiming at effective stabilization of quantum states against decoherence essentially by involving many additional quantum systems and utilizing redundancy. The present work contributes to the former topic: the physics of decoherence.
Decoherence is a result of the coupling of the quantum system under consideration to the environment which, generally, is the rest of the universe. In various experimentally relevant situations the interaction of the quantum system with environment is dominated by the system's microscopic surroundings. For example, the dominant source of such interaction for an atom in an electromagnetic cavity is the electromagnetic field itself coupled to the dipole moment of the atom. (23) In case of Josephson junction in a magnetic flux (24) or defect propagation in solids, the interaction can be dominated by acoustic phonons or delocalized electrons. (25) Magnetic macromolecules interact with the surrounding spin environment such as nuclear spins. (15) Numerous other specific examples could be cited.
In this work we aim at a general phenomenological description that models the physically important effects of external interactions as far as adiabatic decoherence, to be defined later, is concerned. We note that generally thermalization and decoherence are associated with the interaction of the quantum system, described in isolation by the Hamiltonian H S , with another, large system which we will term the "bath" and which internally has the Hamiltonian H B . The actual interaction will be represented by the Hamiltonian H I so that the total Hamiltonian of the system, H, is
It is important to realize that typically the bath is a large, macroscopic system. Truly irreversible interactions of a quantum system with its environment, such as thermal equilibration or decoherence associated with measurement processes, can only be obtained in the Hamiltonian description (1.1) when it is supplemented by taking the limit of the number of particles or degrees or freedom of the bath going to infinity.
Interactions of a quantum system with macroscopic systems can lead to different outcomes. For instance, interaction with a true "heat bath" leads to thermalization: the reduced density matrix of the system approaches exp (−βH S ) for large times. Here
as usual, and by "reduced" we mean the density matrix traced over the states of the bath. On the other hand in decoherence we expect the reduced density matrix to approach a diagonal form in the "preferred basis" somehow selected by the "pointer observable" Hermitian operator (1−3) which is thereby "measured" by the macroscopic system (bath).
The most explored and probably most tractable approach to modeling the environmental interactions has involved representing their effects by coupling the original quantum system to a set of noninteracting harmonic oscillators (bosonic heat bath). (5−8,11,26−28) Fermionic heat bath can be also considered, e.g., Ref. 29 . We will use the term "heat bath" for such systems even when they are used for other then thermalization studies because they have the temperature parameter defined via initial conditions, as described later.
Rigorous formulation of the bosonic heat bath approach was initiated by Ford, Kac and Mazur (27) and more recently by Caldeira and
Leggett. (8) It has been established, for harmonic quantum systems, that the influence of the heat bath described by the oscillators is effectively identical to the external uncorrelated random force acting on a quantum system under consideration. In order for the system to satisfy equation of motion with a linear dissipation term in the classical limit the coupling was chosen to be linear in coordinates while the coupling constants entered lumped in a spectral function which was assumed to be of a power-law form in the oscillator frequency, with the appropriate Debye cutoff. We will make this concept more explicit later.
This model of a heat bath was applied to studying effects of dissipation on the probability of quantum tunneling from a metastable state. (5) It was found that coupling a quantum system to the heat bath actually decreases the quantum tunneling rate. The problem of a particle in a double well potential was also considered. (6, 28) In this case the interaction with the bath leads to quantum coherence loss and complete localization at zero temperature. This study has lead to the spin-boson Hamiltonian (6, 7) which found numerous other applications. The Hilbert space of the quantum systems studied was effectively restricted to the two-dimensional space corresponding to the two lowest energy levels.
Another very interesting and important application of the bosonic heat bath model concerns quantum measurement theory. It is believed that the bath is an intrinsic part of a measuring device. In other words, it continuously monitors the physical quantity whose operator is coupled to it. (1−3) It has been explicitly shown in the exactly solvable model of the quantum oscillator coupled to a heat bath (2) that the reduced density matrix of the quantum system decoheres, i.e., looses its off-diagonal elements representing the quantum correlations in the system, in the eigenbasis of the interaction Hamiltonian. It has also been shown that the time scale on which this measurement process occurs is much less than the characteristic time for thermal relaxation of the system.
It is natural to assume that if a "bath" description of the process of measurement of a Hermitian operator Λ S exists, then the interaction Hamiltonian H I in (1.1) will involve Λ S as well as some bath-Hilbertspace operators. No general description of this process exists. Furthermore, when we are limited to specific models in order to obtain tractable, e.g., analytically solvable, examples, then there is no general way to separate decoherence and thermalization effects. We note that thermalization is naturally associated with exchange of energy between the quantum system and heat bath. Model system results mentioned earlier (1−3) suggest that at least in some cases decoherence involves its own time scales which are shorter than those of approach to thermal equilibrium.
In this work we propose to study adiabatic decoherence, i.e., a special case of no energy exchange between the system and bath. If assume that Furthermore, we will assume that H I is linear in Λ S :
where P B acts in the Hilbert space of the bath. Then we have
Thus, we consider cases in which the measured, "pointer" observable Λ S is one of the conserved quantities of the quantum system when it is isolated. Interaction with the bath will then correspond to measurement of such an observable, which can be the energy itself. Specifically, the model of Palma, Suominen and Ekert (11) corresponds to Λ S = H S for the case of the spin-1 2 two-state system, motivated by quantum-computing applications; see also Refs. 12-15. pling to the boson heat bath. Our work is organized as follows. In Section 2, we define the system. Specifically, we choose the bosonic heat bath form for H B and P B in (1.1) and (1.4), but we keep H S and Λ S general. Section 3 reports our principal result: exact expression for the reduced density matrix of the system. Discussion of the results and definition of the continuum limit are given in Section 4.
Adiabatic Decoherence with Bosonic Heat Bath
We will assume the following Hamiltonian for the quantum system coupled to a bath of bosons (harmonic oscillators) labeled by the subscript k:
Here a † k and a k are bosonic creation and annihilation operators, respectively, so that their commutation relation is [a k , a † k ] = 1. The second term in (2.1) represents the free field or Hamiltonian of the heat bath H B . The last term is the interaction Hamiltonian H I . The coupling constants will be specified later; exact results obtained in Section 3 apply for general ω k and g k . Here and in the following we use the convention
and we also assume that the energy levels of each oscillator are shifted by 1 2 ω k so that the ground state of each oscillator has zero energy.
Since we assume that H S and Λ S commute, we can select a common set |i of eigenstates:
One of the simplifications here is that these eigenstates automatically constitute the "preferred basis" mentioned earlier.
We will assume that initially the quantum system is in a pure or mixed state described by the density matrix ρ(0), not entangled with the bath. For the bath, we assume that each oscillator is independently thermalized (possibly by prior contact with a "true" heat bath) at temperature T , with the density matrix θ k . The total system-plus-bath density matrix will then be the product
where Z k is the partition function for the oscillator k. The quantity β was defined in (1.2). Introduction of the temperature parameter via the initial state of the bath is common in the literature. (5) (6) (7) (8) (11) (12) (13) (14) 27, 28) While it may seem artificial, we recall that the bath is supposed to be a large system presumably remaining thermalized on the time scales of interest.
Specific results indicating that the bosonic heat bath can be viewed as a source of thermalizing noise have been mentioned earlier; see also Ref.
30.
Our objective is to study the reduced density matrix of the system at time t ≥ 0; it has the following matrix elements in the preferred basis:
8)
Here the outer trace is taken over the states of the heat bath, i.e., the bosonic modes. The inner matrix element is in the space of the quantum system. Note that for no coupling to the bath, i.e., for g k = 0, the density matrix of the system is simply
For the interacting system, the heat-bath states must be summed over in the trace in (2.8) . We utilize the coherent-state formalism, e.g.,
Refs. 30, 31. The coherent states |z are the eigenstates of the annihilation operator a with complex eigenvalues z. Note that from now on we omit the oscillator index k whenever this leads to no confusion. These states are not orthogonal:
(2.10)
They form an over-complete set, and one can show that the identity operator in a single-oscillator space can be obtained as the integral
Here the integration by definition corresponds to
Furthermore, for an arbitrary operator A, we have, in a single-oscillator space,
Finally, we note the following identity, (30) which will be used later, e αa † a = N e a † (e α −1)a .
(2.14)
In this relation α is an arbitrary c-number, while N denotes normal ordering.
Exact Solution for the Density Matrix
Owing to the fact that H S and Λ S share common eigenfunctions, the inner matrix element calculation in (2.8), in the system space, can be expressed in terms of the eigenvalues defined in (2.3). Specifically, we define the bath-space operators We now use the fact that the bosonic operators of different modes k commute. This allows to factor the expression (3.3) as follows:
where we used (2.9). Omitting the mode index k for simplicity, the expression for S mn for each mode in the product is
5)
where the trace is in the space of that mode, and we defined
The partition function Z is given in (2.7). Relations (3.4)-(3.6) already illustrate one of our main results: apart from the phase factor which would be present in the noninteracting case anyway, the system energy eigenvalues E n do not enter in the expression for ρ mn (t). The interesting time dependence is controlled by the eigenvalues λ n of the "pointer observable" operator Λ S (and by the heat-bath coupling parameters ω k and g k ).
In order to evaluate the trace in (3.5), we use the coherent-state approach summarized in relations (2.10)-(2.13) and the identity (2.14).
We have
The normal-ordering formula (2.14) then yields for the middle term,
In order to evaluate the first and last terms in (3.7) we define shifted operators η = a + λ m ω −1 g , (3.9) in terms of which we have the normal-ordering formula applies. Thus, for the first term in (3.7), for instance, we get
Collecting all these expressions, one concludes that the calculation of S mn involves six Gaussian integrations over the real and imaginary parts of the variables z 0 , z 1 , z 2 . This is a rather lengthy calculation but it can be carried out in closed form. The result, with indices k restored, is
where
(3.13)
The expression (3.13) , when inserted in (3.4) , is the principal result of this work. It will be discussed in the next section.
Continuum Limit and Discussion
The results of the preceding section, (3.4) , (3.12) , (3.13) , can be conveniently discussed if we consider magnitudes of the matrix elements of the reduced density matrix ρ(t). We have
where we introduced the factor 1 4 to have the expression identical to that obtained in Ref. 11 :
These results suggest several interesting conclusions. First, the decoherence is clearly controlled by the interaction with the heat bath rather than by the system's Hamiltonian. The eigenvalues of the "pointer observable" Λ S determine the rate of decoherence, while the type of the bath and coupling controls the form of the function Γ(t). It is interesting to note that states with equal eigenvalues λ m will remain entangled even if their energies E m are different. As expected, the magnitude of the diagonal matrix elements remains unchanged.
Secondly, we note that Γ(t) is a sum of positive terms. However, for true decoherence, i.e., in order for this sum to diverge for large times, one needs a continuum of frequencies and interactions with the bath modes that are strong enough at low frequencies; see below. From this point on, our discussion of the function Γ(t) is basically identical to that in Ref. 11; we only outline the main points. In the continuum limit, exemplified for instance by phonon modes in solid state, we introduce the density of states G(ω) and sum over frequencies rather than modes characterized by their wave vectors. The latter change of the integration variable introduces the factor which we will loosely write as dk dω ; it must be calculated from the dispersion relation of the bosonic modes. Thus we have
In Ref. 11, the following choice was considered, motivated by properties of the phonon field in solids; see also Refs. 5-8, 11-15: For n = 3, decoherence is incomplete. (11) Indeed, while n must be positive for the integral in (4.3) to converge, only for n < 2 we have divergent Γ(t) growing according to a power law for large times (in fact, ∝ t 2−n ) in the "thermal" regime. Thus, strong enough coupling |g(ω)| to the low-frequency modes of the heat bath is crucial for full decoherence.
In summary, we derived exact results for the model of decoherence due to energy-conserving interactions with the bosonic heat bath. We find that the spectrum of the "pointer observable" that enters the interaction with the bath controls the rate of decoherence. The precise functional form of the time dependence is determined both by the choice of heat-bath and system-bath coupling. However, for the case studied, it is universal for all pointer observables and for all the matrix elements of the reduced density matrix.
